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Abstract
For a massless free scalar field in a globally hyperbolic space-time
we compare the global temperature T = β−1, defined for the β-KMS
states ω(β), with the local temperature Tω(x) introduced by Buchholz
and Schlemmer. We prove the following claims: (1) Whenever Tω(β)(x) is
defined, it is a continuous, monotonically decreasing function of β at every
point x. (2) Tω(x) is defined whenM is ultra-static with compact Cauchy
surface and non-trivial scalar curvature R ≥ 0, ω is stationary and a few
other assumptions are satisfied. Our proof of (2) relies on the positive
mass theorem. We discuss the necessity of its assumptions, providing
counter-examples in an ultra-static space-time with non-compact Cauchy
surface and R < 0 somewhere. Our results suggest that under suitable
circumstances (in particular in the absence of acceleration, rotation and
violations of the weak energy condition in the background space-time)
both notions of temperature provide qualitatively similar information, and
hence the Wick square can be used as a local thermometer.
1 Introduction to global and local temperature
Consider a connected globally hyperbolic space-timeM with signature (−+++),
whose metric gab is related by Einstein’s equation to classical matter with stress
tensor1
T clab =
1
8pi
Gab =
1
8pi
(
Rab −
1
2
Rgab
)
, (1)
where Rab is the Ricci curvature and R the scalar curvature of the metric. On
this space-time we consider a scalar quantum field φ satisfying the Klein-Gordon
equation with a smooth external potential V :
(−g + V )φ = 0, (2)
∗jacobus.sanders@dcu.ie
1We will work in units where c = ~ = G = kB = 1.
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where g denotes the covariant d’Alembert operator. We will often take V =
m2 + ξR with a mass m ≥ 0 and scalar curvature coupling ξ ∈ R. The general
theory of a wave equation like (2) is well understood (see e.g. [23]). Note in
particular that we treat φ as a test-field, keeping the metric fixed, so in general
the semi-classical Einstein equation is violated,
ω(T renab (φ)) + T
cl
ab 6=
1
8pi
Gab, (3)
and the expectation value of the renormalised stress tensor T renab (φ) of the quan-
tum field φ in the state ω may be interpreted as the amount of stress, energy
and momentum that are injected into (or extracted from) the quantum field by
keeping the external metric fixed.
To define global thermal equilibrium states we assume that M is stationary,
so the theory has a preferred time flow. A state ω which satisfies the β-KMS
condition [24, 27, 1] w.r.t. this time flow for some β ∈ (0,∞] is a global thermal
equilibrium state at temperature (in natural units)
T = β−1. (4)
We will denote such states by ω(β), where the case β = ∞ corresponds to the
ground state. The existence of β-KMS states for all β > 0 can be proven under
suitable circumstances (e.g. when V is stationary and V > 0 everywhere, cf. [32]
and section 3.2 below). The interpretation of β-KMS states as global thermal
equilibrium states may be motivated by arguments from quantum statistical
mechanics (cf. [1] and references therein).
A β-KMS state ω is necessarily stationary, i.e. it is invariant under the time
flow. This is an inherently global property, because essentially any two regions
of space can communicate with each other, given enough time. Hence a local
perturbation of a β-KMS state cannot be expected to be a stationary state again.
Consequently, the temperature in (4) is also an inherently global property. This
raises the question how it relates to the temperature as measured locally by an
observer. Especially in curved space-times one expects several complications: (i)
stationary observers may be accelerating or rotating, which leads to apparent
forces on the systems they observe; (ii) keeping the metric fixed leads to a
position-dependent injection of energy into the quantum field. The first of
these complications has been extensively debated in the context of the Unruh
effect [40, 9, 7, 5, 6], so let us focus on the second. Suppose that the classical
background metric is stationary, but violates the weak energy condition. In this
case one might expect that the field φ, in a β-KMS state, can transfer energy
(and entropy) to the classical matter, via the metric. When the back-reaction
of the metric is not taken into account, this process can continue indefinitely,
casting doubt on the equilibrium character of the state. In particular, such a
constellation would make a thermodynamical interpretation of the temperature
T of a β-KMS state problematic.
In an attempt to bypass such problems with the global temperature one may
consider instead a local notion of temperature. One such notion was proposed by
Buchholz, Ojima and Roos [3] in their framework for local thermal equilibrium,
and it was extended to a generally covariant setting by Buchholz and Schlemmer
[4] (see also [37, 16]). It is the purpose of this paper to compare this local notion
of temperature with the global notion.
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To define the local notion of temperature we may return to the setting of
a general globally hyperbolic space-time M . We will consider states ω for the
quantum theory which are Hadamard [22, 29]. This includes all β-KMS states
(see e.g. [39]). In general, Hadamard states are characterised by a condition
on their two-point distribution ω2(x, y). For each k ∈ N there is a distribution
H
(k)
2 , defined on a neighbourhood of the diagonal in M ×M and constructed
in a local and covariant way out of the metric and the Klein-Gordon operator
−g+V , such that ω2 is Hadamard if and only if ω2−H
(k)
2 is a C
k function for
all k ∈ N. Given the distributions H
(k)
2 for all space-times M , one can define a
generally covariant renormalisation scheme for the Wick square :φ2 : and other
objects [2, 19]. By construction, the expectation value
ω(:φ2: (x)) := lim
y→x
ω2(x, y)−H
(k)
2 (x, y), k ≥ 0, (5)
is then a smooth function of x ∈M , which depends on ω2, but not on k.
The distributions H
(k)
2 are not unique [19], but the renormalisation freedom
in :φ2 : reduces to multiples of the mass square and the scalar curvature. Any
alternative renormalisation scheme, indicated by a prime, takes the form
:φ2: ′ = :φ2:+c1R+ c2m
2 (6)
for constants c1, c2 ∈ R.
Following [4] we define the local temperature at a point x of a massless free
field (V = ξR) in a Hadamard state ω by2
Tω(x) :=
√
12ω(:φ2: (x)) (7)
whenever the expectation value of :φ2: (x) is non-negative. When the expectation
value is negative, then the state is not in local thermal equilibrium at the point
x and the local temperature is not defined.
Two comments on this definition of local temperature are in order. First, for
β-KMS states of a massless free scalar field in Minkowski space, the definition
above yields
Tω(x) ≡ β
−1 = T, (8)
i.e. the local temperature at any point x equals the global temperature. This
motivates the use of the Wick square :φ2 : (x) as a local thermometer. Because
the renormalisation scheme is generally covariant, [4] suggests that the same
formula should work also in curved space-times, at least for massless free scalar
fields (and perhaps imposing conformal coupling, ξ = 16 ). For massive fields in
Minkowski space, the relation between β and ω(β)(: φ2 : (x)) is different, and
equation (7) may have to be modified accordingly.
Secondly, the reader will notice that the value of the local temperature,
and even its existence, depends on the renormalisation scheme chosen (see [4]
for related remarks). Because our main interest is not in the renormalisation
2[25] recently proposed a generalised instantaneous temperature, which differs from equa-
tion (7) by local modifications depending on the curvature and the observer’s acceleration.
The derivation of this formula uses Unruh-DeWitt detectors with a large energy gap and a
short interaction interval. We refer to [14] for critical notes on the limitations of this kind of
derivation and we note that we will mostly focus on situations where the two formulae agree.
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ambiguities, we will avoid them when we investigate the existence of a local
temperature by restricting attention to points where R(x) = 0.
At face value the definition (7) may seem rather arbitrary, because there
could be many local observables in Minkowski space from which the temperature
T can be recovered. Moreover, as we will discuss in section 4, there are many
situations in which Tω(x) is ill-defined because ω(: φ
2 : (x)) is negative. This
includes situations where ω is not stationary (cf. quantum inequalities [12, 37]),
or when the stationary observers are accelerated (e.g. the Fulling vacuum in
Rindler space-time [5]). We will identify an additional cause for Tω(x) to become
ill-defined: a violation of the weak energy condition. As an example we will
construct ultra-static space-times with R < 0 somewhere, whose ground states
have no well-defined local temperature in a flat region of the space-time.
Our main purpose, however, is to substantiate the claim that the local and
global notions of temperature do provide qualitatively similar information, and
hence the Wick square can be used as a local thermometer, as long as certain
physically relevant restrictions are imposed (see also [38, 33]). In section 2 we
show that the expectation values ω(β)(:φ2: (x)) are continuously and monotoni-
cally decreasing in β at any point x, and the minimum over all stationary sates
is achieved by the ground state (if it exists). In section 3 we show moreover
that Tωβ (x) is well-defined for all stationary states in an ultra-static space-time
when the scalar curvature satisfies R ≥ 0 and when a few technical conditions
on the space-time, the point x, and the scalar curvature coupling of the field are
met. The proof adapts an argument of Schoen [36], which relies on the positive
mass theorem [34]. Note that R ≥ 0 can only be violated if the stress tensor
T clab of the classical background matter violates the weak, strong and dominant
energy conditions, which are all equivalent to Rab ≥ 0 in the static case. The
questions whether the technical conditions can be weakened, and whether the
result can be generalised, will be raised in the final section 5.
2 Monotonicity of the local temperature
Let us consider a stationary space-time M with complete future pointing time-
like Killing vector field ξa. We also assume that V is stationary, i.e. that
ξa∇aV = 0.
For a classical solution ϕ to the Klein-Gordon equation (2) one defines the
stress-energy-momentum tensor
Tab(ϕ) := ∇(aϕ¯∇b)ϕ−
1
2
gab(∇
cϕ¯∇cϕ+ V |ϕ|
2) (9)
and when the integral converges absolutely one defines the energy by
E(ϕ) :=
∫
Σ
naξbTab(ϕ), (10)
where na is the future pointing normal vector field to the Cauchy surface Σ and
we integrate w.r.t. the invariant volume form of the induced metric on Σ. E(ϕ)
is independent of the choice of Σ, because ∇aξbTab(ϕ) = 0.
The Klein-Gordon equation (2) admits unique advanced (−) and retarded
(+) fundamental solutions E± : C∞0 (M) → C
∞(M), and we write E := E− −
E+. For any test-function f ∈ C∞0 (M), E(f) is a space-like compact solution
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to (2) which has finite energy. When V ≥ 0 and either V is non-trivial or Σ
has infinite volume, then
√
E(ϕ) defines a norm on the linear space of solutions
E(f). Completing this space in this norm yields the Hilbert spaceHcl of classical
finite energy solutions. The time flow determined by ξa preserves the space of
solutions and their energy and it determines a one-parameter unitary group on
Hcl, which is generated by a Hamiltonian H .
When H is invertible and the range of E is in the domain of |H |−1, then
we can formulate the two-point distributions of β-KMS states in terms of these
classical structures as follows (cf. [32]). We introduce the two-point distributions
ω
(β)
2 (f¯ , f
′) := 2〈E(f), H−1(eβH − 1)−1E(f ′)〉, (11)
for all β > 0, where the limit β →∞ is given by
ω
(∞)
2 (f¯ , f
′) := 2〈E(f), P−|H |
−1E(f ′)〉, (12)
with P− the spectral projection of H onto (−∞, 0). These two-point distribu-
tions give rise to quasi-free states which satisfy the β-KMS condition.3
Proposition 2.1 At any point x ∈ M , the function β 7→ ω
(β)
2 (: φ
2 : (x)) is
continuous and monotonically decreasing in β ∈ (0,∞].
Proof. For every 0 < β < ∞ we define the function Fβ(k) = (eβk − 1)−1 on
k > 0, which takes only positive values. We note that for any x ∈M
ω
(β)
2 (:φ
2: (x)) − ω
(∞)
2 (:φ
2: (x)) = lim
n→∞
(ω
(β)
2 − ω
(∞)
2 )(f¯n, fn)
= lim
n→∞
2〈E(fn), |H |
−1Fβ(|H |)E(fn)〉,
where fn is a sequence of real test-functions approaching a δ-distribution at
x. (The limit is well-defined, because all β-KMS states are Hadamard, so the
difference ω
(β)
2 − ω
(∞)
2 is a smooth function on M
×2.)
We fix 0 < β0 <∞. For β0 ≤ β <∞ we can estimate
Fβ0(k)− Fβ(k) = Fβ0(k)
eβk
eβk − 1
(1− e−(β−β0)k) ≥ 0.
It then follows from the spectral calculus that β → ω
(β)
2 (:φ
2 : (x)) is monotoni-
cally decreasing in β ∈ (0,∞). To prove continuity at β0 we take β ∈ [
1
2β0,∞)
and we define
Gk(β) :=
Fβ(k)− Fβ0(k)
F 1
4β0
(k)
=
e
1
4β0k − 1
eβk − 1
−
e
1
4β0k − 1
eβ0k − 1
which has Gk(β0) = 0 and
∂βGk(β) =
−k
1− e−βk
·
e
1
4β0k − 1
eβk − 1
< 0.
3In principle there may be other β-KMS states [32], but these are usually excluded, e.g. be-
cause of their bad behaviour at spatial infinity, or because they lack the clustering property
[17].
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Note that |∂βGk(β)| is monotonically decreasing in β and β ≥
1
2β0, so
|∂βGk(β)| ≤
∣∣∣∣∂βGk
(
1
2
β0
)∣∣∣∣ ≤ k1− e− 12β0k e
− 14β0k ≤ 2β−10 .
This means that
|Fβ(k)− Fβ0(k)| ≤ 2β
−1
0 |β − β0|F 14β0(k),
and hence
|ω(β)(:φ2: (x)) − ω(β0)(:φ2: (x))| ≤ C|β − β0|
for some C ≥ 0 depending on β0 and x. This implies the continuity.
Finally, to determine the limit β →∞ we consider 0 < β0 < β <∞ and we
estimate Fβ(k) ≤ Fβ0(k)
β0
β
. Hence we find
0 ≤ ω
(β)
2 (:φ
2: (x)) − ω
(∞)
2 (:φ
2: (x)) ≤
β0
β
(
ω
(β0)
2 (:φ
2: (x)) − ω
(∞)
2 (:φ
2: (x))
)
,
where the right-hand side vanishes as β →∞. 
As long as the expectation values ω
(β)
2 (: φ
2 : (x)) are non-negative, the lo-
cal temperatures Tω(β)(x) of (7) are well-defined, and they are continuous and
monotonically decreasing with β, which is consistent with the definition of the
global temperature (4).
We will prove another useful result, for which we only need to assume that
the theory has a ground state ω(∞) on M .
Proposition 2.2 For every stationary two-point distribution ω2 and the ground
state ω(∞) of (12) we have that ω2 − ω
(∞)
2 is of positive type.
For the β-KMS states this already follows from equations (11,12).
Proof. We let ω be the quasi-free state with two-point distribution ω2. For
any test-function f ∈ C∞0 (M) we may denote the time-translated test-function
by αt(f), so that ∂tαt(f)|t=0 = ξa∇af . Let us fix any real-valued f and define
the function w : R→ C by
w(t− t′) := ω2(αt′ (f), αt(f)) = 〈φ(f)Ωω , e
i(t−t′)Hφ(f)Ωω〉, (13)
where the last expression makes use of the GNS-representation of ω, which has a
Hamiltonian H that implements the time evolution. Note that w is continuous,
bounded and of positive type, because ω2 is of positive type. This means that w
has a Fourier transform wˆ, which is a finite positive measure on R, by Bochner’s
Theorem ([30] Theorem IX.9). Defining the even and odd parts of w by w±(t) :=
1
2 (w(t)±w(−t)) we see that wˆ− is an odd finite measure and wˆ+ an even finite
measure such that wˆ+ ≥ |wˆ−|.
We may define analogous functions w(∞) for the ground state ω(∞). In
this case we have additional properties: w(∞) is the boundary value of the
holomorphic function
w(∞)(z) := 〈φ(f)Ωω(∞) , e
izHφ(f)Ωω(∞)〉, (14)
on the upper half plane in C. This means that wˆ(∞) has support in the half line
R≥0 (cf. [20] Theorem 7.4.2 and 7.4.3). It follows that
wˆ
(∞)
+ = |wˆ
(∞)
− | (15)
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on R \ {0}. Note that wˆ
(∞)
+ − |wˆ
(∞)
− | = 2picδ is a multiple of a δ-distribution
with some c ≥ 0. Because w∞(t− t′)− c is still of positive type we have
0 ≤ c ≤
1
N2
N−1∑
j,k=0
w(j − k) =
∥∥∥∥∥∥
1
N
N−1∑
j=0
eijHφ(f)Ωω(∞)
∥∥∥∥∥∥
2
(16)
for all N ∈ N. In the quasi-free state ω(∞), H preserves the one-particle Hilbert
space and it is invertible there (cf. equation (12)). The mean ergodic theorem
([30] Theorem II.11) then tells us that the right-hand side of (16) vanishes in
the limit N →∞. This means that c = 0 and (15) holds on all of R.
Now note that w
(∞)
− = w−, because they only depend on the commutator
distribution ω2(x, y)−ω2(y, x). It then follows that wˆ+ ≥ |wˆ−| = |wˆ
(∞)
− | = wˆ
(∞)
+
and therefore w+ − w
(∞)
+ is of positive type, hence
ω2(f, f)− ω
(∞)
2 (f, f) = w+(0)− w
(∞)
+ (0) ≥ 0. (17)
Because ω2 − ω∞2 is real-valued it follows that it is of positive type too. 
When ω2 is Hadamard, ω2−ω
(∞)
2 is smooth and we conclude from proposition
2.2 that
ω(:φ2: (x)) ≥ ω(∞)(:φ2: (x)) (18)
for all x ∈ M . Thus, if we want to prove lower bounds on ω(: φ2 : (x)) for
stationary Hadamard states, it suffices to consider the ground state. (See [28]
for a related result.4)
3 Existence of the local temperature
To show that the local temperature in a general state ω is well-defined one needs
to investigate whether ω(:φ2 : (x)) ≥ 0. In general this is not an easy problem,
because we need to compare a global object (the state) with a local one (the
Hadamard series). Moreover, it is typically false as we will see in section 4. The
main result of this section shows that stationary states do have a well-defined
local temperature (7) under suitable assumptions.
Theorem 3.1 Let M = (R×Σ, g) be an ultra-static, globally hyperbolic space-
time with compact Cauchy surface Σ and non-trivial scalar curvature R ≥ 0.
Let O ⊂ Σ be an open neighbourhood where the Riemann curvature vanishes.
Consider a massless free scalar field with scalar curvature coupling ξ ∈ (0, 16 ).
Then every stationary state has a well-defined local temperature at every y ∈ O.
Note that in ultra-static space-times the stationary observers are not rotating
or accelerating, so there are no external forces on them. In these circumstances
the weak energy condition on the classical background matter is equivalent to
the strong and the dominant energy condition, which all state that the Ricci
curvature Rab should be a positive operator. The positive curvature condition
R ≥ 0 of theorem 3.1 is actually weaker than that.
In the following sections we will analyse the assumptions and provide a proof
of theorem 3.1. We will use a Wick rotation to express ω
(β)
2 for any β-KMS state
4I am grateful to Chris Fewster for directing my attention to this reference.
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in terms of the fundamental solution G of an elliptic operator on a compact,
Riemannian manifold M˜β. This leads to equation (20) below, which allows us to
recover ω(β)(:φ2: (y)) from the behaviour of G(x, y˜), where y˜ ∈ M˜β corresponds
to y ∈ M (see section 3.3 for details). We then adapt an idea of Schoen [36]
and show that we can perform a conformal transformation on Mˆy˜ = M˜β \ {y˜},
which makes Mˆy˜ asymptotically flat and which makes its ADM mass equal to
ω(β)(: φ2 : (y)). Our strategy is to ensure that Mˆy˜ verifies the assumptions of
the positive mass theorem [34, 35], which then entails ω(β)(: φ2 : (y)) ≥ 0. We
extend this estimate to all stationary states using the results of section 2.
3.1 The class of space-times
Let M be a (standard) static space-time, i.e. M = (R × Σ, g) with metric
g = −N2dt2 + h, where the smooth positive lapse function N > 0 and the
Riemannian metric h on Σ are independent of t ∈ R. M is globally hyperbolic
if and only if Σ is complete in the optical metric N−2h and in this case all
the surfaces {t} × Σ are Cauchy [31]. We call the space-time ultra-static when
N ≡ 1. In this case R equals the curvature of the Riemannian manifold (Σ, h)
by the Gauss-Codacci equations and the vanishing of the extrinsic curvature.
For theorem 3.1 we need compact manifolds Σ with non-trivial R ≥ 0 which
are flat in some open region O. In order to establish the existence of such
manifolds we will make use of the following classical observation:
Lemma 3.2 Let ρ ∈ C∞0 (R
3) be non-trivial and spherically symmetric with
ρ ≥ 0 and 0 6∈ supp(ρ). Set µ :=
∫
ρ(x)dx and ν :=
∫
ρ(x)
|x| dx and define
U(x) :=
∫
ρ(y)
|x− y|
dy.
Then −∆U = 4piρ with the Laplace operator ∆. Furthermore, U is spherically
symmetric and monotonically decreasing with |x|, with U(x) = ν > 0 near x = 0
and U(x) = µ|x| > 0 for large |x|.
Proof. U is essentially the Newtonian gravitational potential for the mass
distribution ρ, and the result is Newton’s shell theorem ([26] chapter 5). 
Choosing U as in the lemma we endow R3 with the metric gij := U
4δij ,
which has a non-trivial scalar curvature
R = −8U−5∆U = 32piU−5ρ ≥ 0. (19)
For small |x|, gij = ν4δij is flat. For large |x| it is µ4|x|−4δijdxidxj and changing
coordinates to y := µ2|x|−2x it takes the Euclidean form δijdy
idyj on |y| > 0.
We may compactify R3 to the sphere S3 by adding the point x =∞, i.e. y = 0,
and we may extend the metric smoothly in y = 0. This endows S3 with a
Riemannian metric which has all the desired properties. Similar examples can
be constructed in other dimensions, and one can construct further examples by
performing small perturbations of the metric in the region where R > 0 and by
using gluing techniques [8].5
5I thank Stefan Hollands for pointing out these construction methods and for providing
further concrete examples.
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3.2 Wick rotation and β-KMS states
In the ultra-static case, β-KMS and ground states exist whenever C∞0 (Σ) is in
the domain of Kˆ−
1
2 , where Kˆ is the Friedrichs extension of K := −∆h + V on
the Cauchy surface. To see this we refer to [32] Theorem 4.2 and 4.3, whose
proofs still go through in this case. In the language of section 2 this verifies
that H is invertible and the domain of |H |−1 contains all solutions E(f) with
f ∈ C∞0 (M).
To verify the domain condition, we make use of the following classical result:
Proposition 3.3 Consider a compact Riemannian manifold (X, g) and a non-
zero V ∈ C∞(X) with V ≥ 0. Then the inverse G of the Friedrichs extension
of K := −∆g + V has an integral kernel G(x, y) with G(x, y) > 0 when x 6= y.
Proof. The conditions on V ensure that K > 0 has an invertible Friedrichs
extension Kˆ > 0 with inverse G > 0. For sufficiently large N , (Kˆ + I)−N
is a bounded operator with a continuous integral kernel, by elliptic regularity
results ([20] Thm. 8.3.1). Because X is compact this means that the operator
(Kˆ + I)−N is compact and has a discrete spectrum. It follows that G also has
a discrete spectrum and that it is bounded, which means that it has an integral
kernel.
Now fix any y ∈ X and note that x 7→ G(x, y) is real-valued (because K has
real coefficients) and smooth on x 6= y. Because limx→yG(x, y) = +∞ we can
find an open neighbourhood O of y such that G(x, y) ≥ 1 on O \ {y}. Let µ
be the minimum of G(., y) over the compact set U := X \ O. On the interior
of U we have KG(., y) = 0 and on the boundary G(., y) ≥ 1, so by the strong
maximum principle ([11] Sec. 6.4, Thm. 4) we see that µ > 0. Thus, G(., y) > 0
on U and on O \ {y}. 
For static space-times one can recover ω
(β)
2 from a Wick rotation, as we will
now recall (see e.g. [32]). We first analytically continue t to z = t + iτ , where
we choose τ to be β-periodic. We define the associated Riemannian manifold
M˜β := (S
1 × Σ, g˜) with metric g˜ = N2dτ2 + h. Assuming V is stationary,
the elliptic operator analogous to the Klein-Gordon operator K := −g + V
is K˜ := −∆g˜ + V , which we view as a symmetric operator on the domain
of test-functions in L2(M˜β) (integration with the volume form induced by the
metric). When Σ is compact and V ≥ 0 is non-trivial, the Friedrichs extension
of K˜ is invertible and its inverse defines the Euclidean Green’s function G(β).
This operator has an integral kernel G(β)(x, y) which is smooth away from the
diagonal.
To recover the two-point distribution ω
(β)
2 on M one may analytically con-
tinue G(β) in z and approach the real values t from the correct side in the
complex plane to ensure the Hadamard condition. Note in particular that for
t = t′ = 0 and x 6= x′ ∈ Σ we have
ω
(β)
2 (0, x; 0, x
′) = G(β)(0, x; 0, x′). (20)
This determines the β-KMS state on t = t′ = 0 away from the diagonal, and it
provides enough information to determine the expectation values of the Wick
square for all points on t = 0. Because the time flow preserves the expectation
values of the Wick square, this is all the information we will need.
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An analogous procedure works for the ground state [41]. As the simplest
example of the Wick rotation we consider the Minkowski space M0 = (R
4, η)
with inertial coordinates (t, xi). For a massless scalar field, K0φ := −φ = 0,
the two-point distribution λ2 of the Minkowski vacuum state λ is given by
λ2(t, x; t
′, x′) = (2pi)−2 lim
τ→0+
(−(t− t′ + iτ)2 + |x− x′|2)−1, (21)
where |x−x′| denotes the Euclidean norm of the spatial coordinates. By defini-
tion of the Hadamard renormalisation scheme we have λ(:φ2 : (x)) ≡ 0. On the
Euclidean space M˜0 = (R
4, δ), where δ is the Euclidean metric, we note that
minus the Laplace operator −∆ is a strictly positive operator on the L2-Hilbert
space and its inverse G0 has an integral kernel
G0(τ, x; τ
′, x′) = (2pi)−2
(
(τ − τ ′)2 + |x− x′|2
)−1
. (22)
3.3 Proof of theorem 3.1
Our proof adapts an idea of Schoen [36]:
Proof. Fix β > 0 and y ∈ O ⊂ Σ. We let y˜ = (0, y) be the corresponding point
in the Riemannian manifold M˜β = (S
1×Σ, g˜). Note that x 7→ G(β)(x, y˜) is a pos-
itive smooth function on M˜β \ {y˜} by proposition 3.3, so Ω(x) := 4pi2G(β)(x, y˜)
is also a positive smooth function.
Let us choose Riemannian normal coordinates xi on Σ centred on y, and
extend them to Gaussian normal coordinates with x0 := τ . Because the Rie-
mann curvature vanishes near y we then find that g˜ takes the Euclidean form
on a neighbourhood of y˜ in M˜β. Let |x| denote the Euclidean metric in these
coordinates and note that the Hadamard series for G(β)(x, y˜) (with m = 0 and
R = 0 near y˜) tells us that
Ω(x) = 4pi2G(β)(x, y˜) = |x|−2 + 4pi2w +O(|x|) (23)
near y˜, for some w ∈ R. We note that w = ω(β)(:φ2: (y)) is the expectation value
of the Wick square in a thermal state. This can be seen by combining equation
(20) with the fact that for x, y ∈ O ⊂ Σ the distribution H
(k)
2 takes the form
G0(0, x; 0, y) of the Euclidean Green’s function in four dimensional Euclidean
space (22). Hence we find from (23) that
ω(β)(:φ2: (y)) = lim
x→y
(G(β) −G0)(0, x; 0, y) = w. (24)
Now consider the Riemannian manifold Mˆy˜ := (M˜β \ {y˜}, gˆ) with gˆ := Ω2g˜.
This manifold is asymptotically flat, with y˜ the point at infinity [36, 15]. Indeed,
in the coordinates yi := |x|−2xi the metric gˆ takes the form
gˆ = Ω2(|y|−2y)|y|−4δµνdy
µdyν =
(
1 + 8pi2w|y|−2 +O(|y|−3)
)
δµνdy
µdyν . (25)
Note that the scalar curvature of M˜β equals the scalar curvature R of M (as a
function on Σ, independent of z = t+ iτ). The scalar curvature Rˆ of Mˆ is then
found to be
Rˆ = Ω−2(R− 6Ω−1∆g˜Ω) = (1− 6ξ)Ω
−2R, (26)
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where we used K˜Ω = (−∆g˜ + ξR)Ω = 0 on x 6= y˜ in the last equality. The
properties of R, Ω and ξ together imply that Rˆ ≥ 0 and Rˆ does not vanish
identically. We may now apply the positive action theorem [35] (which is the
four-dimensional version of the positive mass theorem of general relativity [34,
42]) to conclude that w ≥ 0, i.e. ω(β)(:φ2: (y)) ≥ 0. This holds for all y ∈ O and
all 0 < β < ∞. The claim for the ground state follows from taking the limit
β → ∞, using proposition 2.1. For general stationary states the result then
follows from proposition 2.2. 
4 Counter-examples
In this section we indicate to what extent the assumptions of theorem 3.1 are
necessary, by providing some examples of situations where the local temperature
is not well-defined. All examples apply to points where R = 0, so they are
independent of any local renormalisation freedom for the Wick square.
4.1 Non-stationary states
It is well-known from the context of quantum inequalities that at any point
x ∈M the expectation values ω(:φ2: (x)) are unbounded from below as ω ranges
over all Hadamard states [12, 37]. This holds regardless of the renormalisation
freedom (6), so there must be many states in which the expectation value is
negative and the local temperature at x ill-defined.
Quantum inequalities suggest to consider an average of ω(:φ2 : (x)) along a
time-like curve γ, weighted with a suitable positive weight function. Such an
average can be bounded from below by a state-independent bound [12, 28, 13],
and the analogous quantum inequality for the energy density can be interpreted
in terms of the uncertainty relation of energy and time. Unfortunately, the lower
bound is typically still negative. The largest bound is found if one smears over
infinitely long times, in which case the bound can hardly be called local.
One may expect the situation to improve in a stationary space-time M if
we only consider stationary states. Let γx : R → M be the unique curve
which follows the stationary time flow and starts at γx(0) = x. Because the
time-flow preserves the metric, it also preserves the distributions H
(k)
2 near the
diagonal of M ×M . Consequently, for any stationary state ω, the expectation
value ω(: φ2 : (γx(τ))) along the curve γx is independent of τ . Since the value
ω(:φ2: (x)) is maintained ”forever” along the entire curve γx, one might expect,
by analogy with the time-energy uncertainty relations, that it must be non-
negative. However, we will see in the next sections that this is not the case.
4.2 Accelerated observers
Another cause for the absence of local temperature is the acceleration of the
stationary observers. The best known example is related to the Unruh effect.
The Rindler space-time (given by the wedge x1 > |x0| in Minkowski space)
is a static space-time for the Killing field of uniformly accelerated observers,
and the restriction of the Minkowski vacuum state to the Rindler space-time
is a 12pi -KMS state [40]. It is well understood that the difference in the local
temperature which is assigned to the Minkowski vacuum by the inertial observers
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in Minkowski space-time and by the stationary observers in the Rindler wedge
is due to the acceleration. In line with proposition 2.1 one may show that the
Fulling vacuum in the Rindler space-time has a negative expectation value of
the Wick square, which makes the local temperature (7) in the ground state
ill-defined (see e.g. [5]).
We will briefly comment on the effects of acceleration beyond this well-known
example. Although accelerated observers can occur in general stationary space-
times, we will only discuss its effects in static space-times. (See also [10] section
3.2 for related comments.)
Any static space-time M = (R×Σ, g) is conformally equivalent to an ultra-
static space-time M ′ = (R × Σ, g′) where g = N2g′. M is globally hyperbolic
if and only if M ′ is. In principle one can exploit this equivalence to study the
expectation values of the Wick square in β-KMS states. Indeed, the Riemannian
manifold associated with M ′ is M˜ ′β = (S
1×Σ, g˜′) with g˜ = N2g˜′. We note that
the Laplace-Beltrami operators −∆g˜′ and −∆g˜ are related by
N2(−∆g˜)N
−2 = N−1(−∆g˜′ +
1
6
(R′ −N2R))N−1, (27)
where the scalar curvatures R and R′ of M and M ′ are related by
N2R = R′ − 6N−1(∆g′N). (28)
The factorsN2 on the left-hand side of (27) serve as unitary intertwiners between
the L2 spaces of M˜β and M˜
′
β (because we have four space-time dimensions).
Consider the β-KMS states determined by the Euclidean Green’s functions G(β)
and G′(β) associated with the operators
K˜ = −∆g˜ + V, K˜
′ = −∆g˜′ +
1
6
(R′ −N2R) +N2V (29)
for some non-trivial potential function V ≥ 0. Then (27) implies
G(β)(x, y) = N−1(x)G′(β)(x, y)N3(y). (30)
Using the distributions (or rather densities) H
(k)
2 and (H
′
2)
(k) in the two metrics
g and g′ one then finds
ω(β)(:φ2: (x)) = N(x)2ω′(β)(:φ2: (x)) (31)
+ lim
y→x
(N(x)−1(H ′2)
(k)(x, y)N(y)3 −H
(k)
2 (x, y)).
Instead of pursuing this analysis further we will only make two elementary
comments here.
The change in the potential term from V to V ′ := 16 (R
′ − N2R) + N2V
enters non-locally when taking the inverse of K˜ ′. On the other hand, the dis-
tributions H
(k)
2 and H
(k)
2 are locally constructed from the metrics g and g
′, so
they cannot cancel the non-local effects of this change. This can complicate the
analysis of acceleration by conformal transformations, unless the field equation
is conformally invariant, V = 16R.
In the simplest case N ≡ c > 0 is a constant, which yields c2R = R′ and
G(β) = c2G′(β). The distributions H
(k)
2 also incur a factor c
2, which means that
the β-KMS states ω(β) and ω′(β) satisfy
ω(β)(:φ2: (x)) = c2ω′(β)(:φ2: (x)) (32)
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and the local temperature in M (if it exists) incurs a factor c. This rescaling
of the local temperature can be interpreted as a mere change of units and it
mirrors a similar rescaling for the global temperature. Indeed, one can rescale
the Killing field by a constant factor c, which leads to a rescaled notion of
global temperature. In some static space-times one can fix the scale factor
by imposing additional physically motivated conditions, e.g. by requiring that
ξaξa = −1 near space-like infinity in asymptotically flat space-times. Note that
ultra-static space-times in particular do not suffer from the same freedom in the
global choice of scale.
4.3 Violation of energy conditions
In this section we will construct new examples of ground states in ultra-static
space-times with ill-defined local temperatures. Here the problem cannot be
attributed to accelerated observers or the local renormalisation freedom of the
Wick square. Instead we claim that it is due to a violation of the curvature
condition R ≥ 0.
Before we give our examples we will present a useful comparison result for
elliptic operators on the Euclidean side.
Proposition 4.1 Let (X, g) be a complete Riemannian manifold and V ∈ C∞(X)
with V ≥ 0. Define the operator K1 := −∆g + V on C∞0 (X) ⊂ L
2(X) and as-
sume that the Friedrichs extension of K1 has an inverse G1 given by an integral
kernel G1(x, y). Finally, let K2 be another elliptic second order differential
operator on X such that K2 ≥ K1.
Then the Friedrichs extension of K2 has an inverse G2 satisfying 0 < G2 ≤
G1 and given by an integral kernel G2(x, y). When K1 ≡ K2 on an open neigh-
bourhood O ⊂ X, then G1 −G2 is smooth on O × O, and (G1 −G2)(x, x) ≥ 0
for all x ∈ O. If in addition G1(x, y) > 0 on x 6= y in X×2, if K2−K1 ≥ κ ≥ 0
for some κ ∈ C∞0 (X) and if (G1 −G2)(x, x) = 0 for all x in some open subset
O′ ⊂ O, then G1 = G2 and hence K1 ≡ K2 everywhere.
Proof. The estimate 0 < G2 ≤ G1 is well known, and the existence of the
integral kernel G1(x, y) then implies the existence of G2(x, y). On O × O the
distribution (G1 −G2)(x, y) satisfies
K2,x(G1 −G2)(x, y) = 0 = K2,y(G1 −G2)(x, y), (33)
where the subscript on K2 indicates the variable on which it acts. Note that
K2,x + K2,y is elliptic on X
×2, so by standard elliptic regularity results ([20]
Thm. 8.3.1) this implies that G1−G2 is smooth on O×O. Because G1 −G2 is
of positive type we find (G1 −G2)(x, x) ≥ 0 for x ∈ O (cf. [30] Sec.IX.2).
Now assume that G1(x, y) > 0 when x 6= y, that K2 −K1 ≥ κ ≥ 0 for some
κ ∈ C∞0 (X) and that there is an open subset O
′ ⊂ O with (G1−G2)(x, x) = 0 for
all x ∈ O′. We will assume in addition that κ 6= 0 and derive a contradiction.
Because κ ≡ 0 on O we may choose a compact ball B ⊂ X containing a
neighbourhood where κ 6= 0 in its interior and such that B ∩ O′ = ∅ and the
complement Bc := X \ B is connected. Then we may choose a W ∈ C∞0 (X)
supported in B and such that 0 ≤ W ≤ κ and W 6≡ 0. Set K3 := K1 +W and
let G3 be the inverse of its Friedrichs extension, so that G1 ≥ G3 ≥ G2 > 0. It
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follows from our assumptions that (G1 −G3)(x, x) vanishes for all x ∈ O′, but
G1 6= G3. We will now derive a contradiction from these statements.
For all positive test-functions f, f ′ on X we have
0 ≤ (G1 −G3)(f ± f
′, f ± f ′)
= (G1 −G3)(f, f)± 2(G1 −G3)(f
′, f) + (G1 −G3)(f
′, f ′) (34)
by symmetry of the Gi. The function x 7→ (G1−G3)(x, f) is smooth (by elliptic
regularity) and G1 − G3 is smooth on Bc × Bc by the first paragraph of this
proof. We can therefore let f ′ approximate a positive multiple λ times a delta-
distribution at some x ∈ O′ to find that 0 ≤ (G1−G3)(f, f)±2λ(G1−G3)(x, f).
Taking λ→∞ we see that we must have (G1−G3)(x, f) = 0 for all x ∈ O′. Now
the smooth function Hf (x) := (G1 − G3)(x, f) vanishes on O
′ and it satisfies
K3Hf (x) =W (x)G1(x, f), which vanishes on B
c. Using a unique continuation
result ([21] Thm. 17.2.6) we conclude that Hf must vanish on the connected set
Bc. In particular, Hf attains a non-positive minimum at an interior point of X .
On the other hand, our positivity assumptions imply that W (x)G1(x, f) ≥ 0,
so by the strong maximum principle ([11] Sec. 6.4, Thm. 4) we conclude that
Hf is constant. Thus (G1−G3)(., f) = Hf ≡ 0 for all positive f . Because every
test-function can be written as a linear combination of positive test-functions we
find (G1 −G3)(., f) = Hf ≡ 0 for all f , which yields the desired contradiction
that G1 −G3 = 0. 
Let us consider as an example the equation Kφ := (− + V )φ = 0 in
Minkowski spaceM0, where V ≥ 0 is independent of the inertial time coordinate
t. We can obtain ω
(∞)
2 from a Wick rotation, starting with the elliptic operator
K˜ := −∆ + V . Note that K˜ ≥ −∆ > 0 has an inverse G with 0 < G ≤ G0.
Now suppose that V vanishes on an open neighbourhood O in the t = 0 plane.
Using proposition 4.1 we then find that
ω(∞)(:φ2: (x)) = lim
y→x
(ω
(∞)
2 − λ2)(y, x) = (G−G0)(x, x) ≤ 0 (35)
for all x ∈ O. Moreover, if V does not vanish identically, then the inequality
must be strict on a dense subset of O.
We now want to improve this example by showing that we can also have
V ≡ 0 (i.e. ξ = 0 as well as m = 0) in suitably chosen space-times. Let
M = (R4, g) with g = −dt2 + h and h = Ω2δ, where δ is the spatial Euclidean
metric and Ω ∈ C∞(R3) has Ω > 0. Note that the scalar curvature ofM equals
that of the Cauchy surface in the metric h, which is given by
R = −4Ω−2∆(lnΩ)− 2Ω−2δij(∂i lnΩ)(∂j lnΩ). (36)
We nowmake the more specific choice Ω(x) := eν−U(x) with ν and U as in lemma
3.2. It follows that Ω ≥ 1 with equality near x = 0, and Ω is independent of t.
From ∆(lnΩ)(x) = 4piρ(x) ≥ 0 and equation (36) we find that
R = −4Ω−2∆(lnΩ)− 2Ω−2δij(∂i lnΩ)(∂j lnΩ) ≤ 0
is non-trivial when ρ ≥ 0 is non-trivial.
The space-time M is static and globally hyperbolic, because Ω ≥ 1 [31].
We consider its Riemannian counterpart M˜ = (R4, g˜) with g˜ = dτ2 + h.
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The Laplace-Beltrami operator −∆g˜ has an invertible Friedrichs extension in
L2(R4, dvolg˜), where the natural volume form is dvolg˜ = Ω
3d4x. It is convenient
to go over to L2(R4, dx4), using multiplication by Ω
3
2 as a unitary intertwiner
between the L2 spaces. Accordingly we consider the operator
Ω
3
2 (−∆g˜)Ω
− 32 = −∂2τ +Ω
3
2 (−∆h)Ω
− 32 (37)
= −∂2τ +Ω
−1(−∆)Ω−1 −
1
8
R.
This defines a symmetric operator on the test-functions. Because Ω−1 ≤ 1 and
Ω is independent of t we find from R ≤ 0 that
Ω−1(−∂2τ −∆)Ω
−1 ≤ Ω
3
2 (−∆g˜)Ω
− 32 +
1
8
R ≤ Ω
3
2 (−∆g˜)Ω
− 32 . (38)
It follows that the Friedrichs extension of Ω
3
2 (−∆g˜)Ω−
3
2 has an inverse G with
G ≤ ΩG0Ω, with G0 as defined in (22). This implies in particular that G is
given by an integral kernel G(x, y). We denote the corresponding ground state
by ω(∞) as usual.
On a neighbourhood O of x = 0 we have Ω ≡ 1 and hence g = η, so to
compute ω(∞)(: φ2 :) on O we only need to take the coinciding points limit in
G − G0 = Ω−1GΩ−1 − G0 on O × O. We conclude from proposition 4.1 that
G−ΩG0Ω has a smooth integral kernel on O×O, and unless R vanish identically,
there are points x ∈ O such that
ω(∞)(:φ2: (x)) = (G− ΩG0Ω)(x, x) < 0. (39)
Thus we have established the existence of ground states in ultra-static space-
times with negative expectation values of the Wick square, even in a region
where R = 0.
Using R ≤ 0 our counter-example can easily be extended to scalar fields with
non-minimal scalar curvature coupling ξ < 18 . In this case the right-hand side
of (38) contains the operator −∆g˜+ξR and the non-positive term (
1
8−ξ)R ≤ 0.
In the limiting case ξ = 18 , which corresponds to conformal coupling in the three
spatial dimensions, the Wick-square might vanish throughout the region O.
4.4 A further existence result for local temperature
Adapting the techniques of section 4.3 one may also prove a positive result for
space-times with a non-compact Cauchy surface:
Theorem 4.2 Let M = (R4, g) with g = −dt2 + h and h = Ω2δ conformally
related to the spatial Euclidean metric. Assume that Ω has the following proper-
ties: Ω is independent of t, Ω−1 ≥ 1 is bounded, Ω ≡ 1 in an open neighbourhood
O, and R as given in (36) has R ≥ 0. Consider a massless free scalar field with
scalar curvature coupling ξ ∈ [0, 18 ]. Then every stationary state has a well-
defined temperature at every x ∈ O.
Proof. Note that M is globally hyperbolic, because Ω−1 is bounded. We
reconsider the construction of our examples in section 4.3 and consider the
operator Ω
3
2 (−∆g˜ + ξR)Ω−
3
2 on the Euclidean R4. For the spatial part we see
from R ≥ 0 and from Ω ≥ c with some c > 0 that
Ω
3
2 (−∆h + ξR)Ω
− 32 ≥ −Ω−
3
2 ∂iδ
ijΩ∂jΩ
− 32 ≥ cΩ−
3
2 (−∆)Ω−
3
2 .
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The right-hand side has an invertible Friedrichs extension on R3, with an in-
verse given by the integral kernel c−1Ω
3
2 (x)G0(x, y)Ω
3
2 (y). It follows that the
Friedrichs extension of the left-hand side is also invertible and that the inverse is
given by an integral kernel. This in turn ensures the existence of a ground state.
To prove the theorem it suffices to consider the ground state (see proposition
2.2). In analogy to equation (38) we now find
Ω−1(−∂2τ −∆)Ω
−1 ≥ Ω
3
2 (−∆g˜ + ξR)Ω
− 32 ,
using Ω−2 ≥ 1 and R ≥ 0. The result on O then follows from proposition 4.1,
by the same argument as in section 4.3. 
Functions Ω satisfying the assumptions needed for theorem 4.2 can be con-
structed again from lemma 3.2. E.g., Ω(x) := 12+
1
2νU(x) satisfies 1 ≥ Ω(x) ≥
1
2
with Ω ≡ 1 near x = 0. From ∆Ω(x) = − 2pi
ν
ρ(x) and a rewritten version of
equation (36) we find that
R = −4Ω−3∆Ω+ 2Ω−4δij(∂iΩ)(∂jΩ) ≥ 0 (40)
is non-trivial when ρ is non-trivial.
5 Discussion
We have established some basic properties of expectation values of the Wick
square of free scalar fields, to verify its use as a local thermometer. This includes
the continuity and monotonicity of the map β 7→ ω(β)(: φ2 : (x)) in general
stationary space-times, and the fact that the ground state provides a lower
bound for ω(: φ2 : (x)) in all stationary states. However, the main focus of
attention was on the question whether the expectation values for massless fields
are non-negative, which is needed to define the local temperature.
Whereas the global temperature of a ground state is always zero (by defi-
nition), we have seen that a local temperature may not even be well-defined.
One known cause is the acceleration of the stationary observers, which in gen-
eral can have a complicated effect on the expectation values ω(∞)(: φ2 : (x)).
Another cause which we have identified is the violation of the classical energy
conditions by the background metric. We have shown this by constructing ex-
plicit examples and we ensured that x lies in a flat region of an ultra-static
space-time, to make it clear that the negative expectation values are not due to
acceleration or other local physical effects. On the positive side we have shown
that ω(: φ2 : (x)) ≥ 0 for all stationary states in the absence of acceleration or
rotation, when R ≥ 0 and when a few other technical assumptions are satisfied.
The main theorem 3.1 assumes compact Cauchy surfaces, but we obtained a
similar result for certain space-times with non-compact Cauchy surfaces as well
(theorem 4.2). Our results suggest that the global and local notions of tem-
perature provide qualitatively similar information, as long as certain physically
relevant restrictions are imposed.
There are various open questions worthy of further consideration. Although
theorem 3.1 attains a fair level of generality, one may wonder if it extends
to other potential functions (c.f. [18]), points where the space-time is not flat
(possibly using the formula of [25] instead of equation (7)), or to space-times
with non-compact Cauchy surfaces (possibly with additional assumptions like
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asymptotic flatness). In addition to the Wick square, one may also consider
other local observables, as suggested by [3]. Furthermore, for massive theories
the relation between β and ω(β)(: φ2 : (x)) becomes more complicated also in
Minkowski space. To define a local temperature for massive theories one should
therefore investigate different (non-zero) lower bounds on the expectation value
of the Wick square. The renormalisation freedom in the Wick square, which
involves the scalar curvature and the mass, should then be addressed as well.
We hope to investigate some of these questions in the future.
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